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Abstract. Starting from Langevin equations, we derive Fokker—Planck-like equations (FPLES)
for the joint distribution of displacements and velocitigsx, v, 7), for a particle in a Gaussian
random force field, firstly for the inertial process (i.e. in the absence of a frictional force) with

a time correlated force, and secondly, for the Brownian motion with a white-noise force. From
two different forms of the Langevin equation as coupled or decoupled first-order equations, we
obtain two different forms of FPLEs for each one of these processes. In the inertial case one of
the FPLEs reduces to an equation studied earlier by the author, while the other coincides with
the equation obtained recently by Drory from an involved time discretization. In the Brownian
motion case one of the FPLEs coincides with the free-particle Kramers equation obtained from
the Fokker—Planck formalism for Markov processes. For each one of these processes the exactly
determined initial value solutions of the two FPLEs are found to coincide. It follows, in
particular, that the Markovian character pfx, v, t) for the Brownian motion is respected,
regardless of which FPLE is used for defining it. Furthermore, for each process the two FPLEs
lead to the same diffusion-like equation for the marginal distribution of displacements. The
latter have been used elsewhere for studying first passage times, as well as survival probabilities
in the presence of traps.

1. Introduction

The most common example of a second-order stochastic process is provided by the Langevin
equation for a Brownian particle,

1
X=—yx+—f@) 1)
m

wheremy is the friction coefficient andf(z) is a fluctuating Gaussian inertial force. In
discussing Brownian motion we restrict ourselves in the following to the usual white-noise
case, i.e.

(fOF@)) = fgs—1)  (f@®)=0 (2
where the displacement(r) — x from a deterministic mean positiah is Markovian for
largey, as is well known.

The case wherg = 0 describes a different, non-Markovian second-order process,

F=r0 ®
m

which is referred to as the inertial process. In this case we shall asguymeo be a
correlated Gaussian noise of Ornstein—Uhlenbeck (OU) type:

(fOf)) = féht —1) 4
h(t —t') = (o) texp—|t — 1'|/7) (5)
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which reduces to (2) for vanishing correlation time~ 0.

Among various applications of the process (3) we recall its recent use for modelling
reaction—diffusion processes in an inertial force dominated regime [1]. More generally,
however, there are many examples of second-order stochastic processes in physics,
chemistry and engineering (e.g. control, filtering communications) of which the processes
(1) and (3) may be regarded as prototypes.

Detailed theoretical studies of the inertial process with a finiteave appeared in the
last few years. In a paper [2], hereafter referred to as I, the author presented explicit results
for the joint probability distributionp(x, v, t), of displacements and velocitiés = x), and
for the marginal distributionsp(x, t), p(v, t), for this process. Our detailed expressions
for the distributions were restricted to the shart« t)- and long time(s > t)-limits,
respectively. Analogous studies have also been performed for dichotomous noise [3], and
for arbitrary Gaussian noise, with emphasis on anomalous diffusion and fractal behaviour
[4]. Finally, first passage times and survival probabilities in the presence of additional
trapping centres have been discussed for the inertial diffusion process (1) with OU noise
[5].

In an interesting recent paper [6], Drory presented a general formalism for higher-order
stochastic processes, which he described explicitly in the context of second-order processes.
His approach is based on discretizing such a process by breaking-up the continuous time
variable into a finite number of steps. By applying his analysis to the inertial process (3)
with a Gaussian OU noise (4)—(5), Drory obtained the exact joint distribysion v, r)
for a particle which started from an arbitrary poirng, with an arbitrary velocityvy,
at+ = 0. Moreover, he showed that this distribution is the initial value solution, with
p(x,v,0) = 8§(x — x0)8(v — vg), (also called the fundamental solution) of a new Fokker—
Planck-like equation (FPLE)which he derived from his discretization procedure, as well as
of the quite different FPLE obtained in I. From this it follows that the FPLE derived in | and
in [6] for the process (3)—(5) are equally acceptable for describing the temporal evolution of
p(x, v, t) from the initial distributions (x — xg)é(v — vg). This is no longer expected to be
S0 in cases where boundary conditions are added to the initial value condition, as required,
for example, when studying first passage times (and survival probabilities in the presence
of traps) for the process (3) in the two-varialile v) space [7]. Indeed the solutions of
the two FPLEs for this mixed initial value—boundary value problem [8] will generally be
different [6]. However, this statement adapted from [6] must be taken with caution, since
its verification, by obtaining boundary value solutions from a fundamental solution of the
FPLE, is notoriously difficult.

In view of the widespread use of FPLEs in many different areas, the findings of Drory
about their non-uniqueness for higher-order stochastic processes are at first surprising. In
particular, because of the possible consequences of this fact for boundary value problems of
current interest, it is important to clarify its origin and to examine whether the unpleasant
non-uniqueness also affects FPLEs for marginal distributions or whether, on the contrary, it
is restricted to the FPLE for the joint distribution of the random variables. For this purpose
we reconsider the Gaussian inertial process in section 2 to show that the existence of the
two distinct forms of the FPLE fop(x, v, ¢) arise from two different ways of expressing

1 In the following we use the term FPLEs for evolution equations for joint distributions of displacements and
velocities (and for the corresponding marginal distributions) which are derived directly from Langevin dynamical
equations for Gaussian processes, without further considerations about their Markovian or non-Markovian nature.
In particular, evolution equations for Markov processes obtained in this way will also be referred to as FPLEs.
Thus, in section 4, the familiar Fokker—Planck equation (FPE) for Brownian motion is obtained as a special form
of FPLE.
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the Langevin equation (3) in terms of the first-order equations fand forv = x. We also
show that the two FPLEs reduce to a common diffusion-like equatiorp{er¢), which

is related to the unique way of casting (3) in the form of a first-order procégs This
diffusion-like equation thus provides a reliable starting point for studying first passage times
and survival probabilities for the inertial process [5].

Alternatively, one would like to know to what extent the detailed conclusions derived
by Drory for the inertial process are similar for other processes and, in particular, for its
close relative, the ubiquitous Brownian motion process, described by (1) and (2). The
Brownian motion process is studied in section 3 by a procedure similar to that used in
section 2. This analysis is of interest partly because the Brownian process is Markovian (at
least for largey), unlike the inertial process for which(z) is non-Markovian even for white
noise. Therefore, one of the two FPLEs obtained for this case is expected to reduce to the
familiar Fokker—Planck equation (FPE) for free Brownian motion, the so-called Kramers
equation. As in the case of the inertial process, we present a complete discussion of initial
value solutions of the two FPLEs and of the corresponding diffusion-like equations for the
marginal distributionp(x, r) for Brownian motion. In section 4 the results of the previous
sections are analysed in the light of the non-Markovian and Markovian characters of the
inertial and Brownian motion processes, respectively.

2. The inertial process

Following I, the probability density(x, v, t) of a displacemenk and a velocityv of a
particle described by (3) is given by the noise-averaged expression

p(x, v, 1) = {(x — x(1))d(v — v(1))) (6)
wherex(r) andv(z) are the solutions of the coupled stochastic equations
x(1) = v() (79)
1
v(t) = — f(1) (7b)
m

which may be viewed as defining a velocity at each point of the two-dimensiana)
phase space [9]. In order to derive FPLEs for an arbitrary Gaussian noise we differentiate
both sides of (6) with respect to time, obtaining (Wttu — u(2)) = §(x —x(#))§ (v —v(2))),

ope, v 9 [ax) 9 [ov()
at __ax< ar _au< at S(U_u(t))>‘ ®

We now observe that there are two distinct ways of proceeding from this equation. First,
one may use for the phase-space velocities the original expressions (7) describing coupled
first-order processes. This procedure, which was used in I, is analogous to that followed in
the general derivation of FPEs fath-order stochastic processes based on Van Kampen’s
lemma [9] and leads to [2]

ap 19
v

ap(x,v,1)

T T T a—%%<f(f)5(’u_u(1))>~ 9)
Another procedure consists in substituting in (8) the integral forms for the ‘velocities’ (with
vo the initial velocity), in terms of the random force, namely

S(u — u(t))>

x(@) =vo+ 1 / dr” £ (10a)
m Jo

1
v(1) = %f (1) (10p)
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which amounts to definindistinct first-order processes(s) andwv(z). In this case (8) takes
the form
t
0D A f A (f (1")8 (w — (1))
t m ox Jo
ap(x,v,t)
ax
Sinced(u — u(z)) is a functional of the Gaussian random noise at timgwior to ¢, the
averages appearing in (9) and (11) are given by Novikov's formula [10]

19
———{(f(®)d(u —u(?))) — vo (11)
m dv

" ! ’ " ’ 8[8('“ - u(t))]>
S(u — =/ d —_— 12
as—uo) = [ dt (s >>< o (12)
where the functional derivative obtained from the explicit solution af, £y is
S[6(u —u()] 1 N d B

By substituting (12) and (13) into (9) and specializing to OU noise (5) one thus obtains the
FPLE studied in |, namely

ap(x,v,t) ap 8%p 3%p
R 0 () L 14
ot R AL v O (14)
where
a(t) =nl—e /") (15a)
2
b) =l +0e 0 —7] = % (15b)

On the other hand, from (11) we obtain in a similar fashion, for arbitrary Gaussian noise,

e g s P
N T T S AR AR R Fl v L

t , ) ) 32 82
+/O di’(f () f () [(r _”axau + 31}2j| p. (16)

In the special case of an OU correlation (5) for the noise this equation reduces to

ap(x, v, 1) op 3%p 3%p 9%p
= —vo— +d(t)—= 17
ot vog, TAWGZ Te@Wag, T3z (37
where
c(t) =nlt2—e YDy — (1 —e /)] (18a)
d(t) = n[t? —tt(1— e WD) (18b)

Equation (17) coincides with equation (5.3) of Drory’s paper [6]. Now, Drory has shown
that the two FPLEs (14) and (17) have the same initial value or fundamental solution (i.e.
the solution reducing té(x — x0)§ (v — vg) att = 0) given by an exact expression which

he has derived independently, i.e. without using a FPLE. This solution is

plx,v,t) = [y (x — x0 — vot)?

1 1
4/ (ay — B?) eXp{ Ay — B?)

—2pB(x — xo — vot) (v — vo) + (v — vo)z]} (19)
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where the quantities

3
a=rn [tS - %tzt + 13— 7%t + r)e(’/f):| (20a)
g = g[tz — T (1— e )] (20b)
y =t —t(Ll—e )] (20c)
are related tau, b, ¢, d as follows:
dy dg  dy dg do
= b(t)=2|— —t— (1) = 2— d(t) = — = 28.
a(®) dr ® (dt ! dr ct) dr @ dr P

The expression (19) gives the distribution of the location and of the velocity of the particle
about instantaneous mean values;+ vot andvg. These results show that the two FPLEs
(14) and (17), which follow from a well defined procedure, are equally acceptable evolution
equations forp(x, v, t) since they have a common initial value solution with an obvious
physical meaning. The physical relevance of the FLPE (17) is further emphasized by the
following discussion.

A formal difference between the FPLEs (14) and (17) is revealed by integrating both
sides over velocities to obtain an equation for the marginal distribution of displacements,

plx,t) = /oo dv p(x, v, t).

Assuming p(x, v, t) and its derivatives to be well behavedaat= +o0o0 and atv = +o0,
we thus obtain

ap(x,1) o [
_ 21
o o /_oo dvup(x,v,t) (21)
from (14), and
op(x,t)  dp 9%p
o~ o "5 (2)

from (17), whered(¢) defined by (18) is the time-dependent diffusion coefficient giving
the mean-squared displacement [11]

(x2(1)) = (xg + vor)? = 2/0 d(t')dr’. (23)

It is seen that while (21) is just the continuity equation for the probability density, the
diffusion-like (or Smoluchovski-like) equation (22) expresses probability conservation in
terms of the contributions of drift- and diffusion-probability currents. However, the exact
solution (19) readily permits us to reduce (21) to the form of the closed equation (22) for
p(x, t). This shows that (14) and (17) yield a unique closed equatiopforr), the (initial
value) solution of which, obtained by integrating (19) over velocities, is

p(x,t) = (x — xo — vol)2> : (24)

1 1
2/wall) p< 4 (1)

The uniqueness of the FPLE (22) fp(x, ¢) is related to the unique way of rewriting
the Langevin equation (3) in the form of a first-order process, namelg).(10deed, the
marginal distribution is defined in terms of the solution of {10y

plx, 1) = (8(x — x(1))). (25)
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The FPLE forp(x, ) may be obtained by following the same steps as above, differentiating
(25) with respect ta, inserting (1@) and, finally, performing the average of the expression
for p(x, 1)/0t, using the form of (12) and (13) when ontlyis present as a variable. This
yields
t t 2

WD g [ara=o [arraensonih
for Gaussian noise with an arbitrary correlatigf(z) /(1)) = y (¢, t'). In the special case
of OU noise (5) this equation reduces to the generalized diffusion equation (22).

Finally, we observe [6] that while the initial value—or so called fundamental solutions
of (14) and (17) coincide, the mixed initial value—boundary value solutions [8] of these
equations, when additional boundary conditions are imposed at artime expected to
be different (see, section 1). The diffusion-like equation (22) has been applied previously
to the study of first passage times and to the related problem of survival probability in
the presence of fixed traps [5], using the first passage condition for first-order stochastic
processes [5,12].

3. The Brownian motion process

As in the inertial case, the Langevin equation (1) for Brownian motion may be written in
two different ways in the form of first-order equations, namely

1

v=—yv+ —f(t) (26b)
m

and
X =voe V' + E / dr’ 7= £ (') (27a)
m Jo

1

v=—yv+ —f(t) (27b)
m

where the right-hand side of (2yis the general solution of (®7 in terms of an initial
velocity vg.

The FPLE describing the coupled second-order process, (pbs readily found by
inserting these expressions in (8) and using the Novikov identity (12), Wwith) f(¢'))
given by (2) and

M —ve)) _ 1o pinfy_p? o s

W = me 4 |:(t t)ax + av] S(u —u(@)). (28)
This yields(n = f2/2m?)

ap(x,v,1) ap ad 3%p

T —_Ua‘H/%(UP)‘F’?W (29)

which is nothing but the familiar FPE, also called the free-particle Kramers equation, for
the distributionp(x, v, t) of Brownian motion (with the usual identification = ykT/m
resulting from the energy equipartition law).

On the other hand, by substituting @1) in (8) we get

ap(x,v,t) ap d
- = — 1r)— JE—
a7 uo( )Bx +v 30 (vp)
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d ! " d
~ax dr” eV (F (S (u — w())) — ——(f()8(u — u(t))) (30)
x Jo ov
where
uo(t) = voe™ "’ (31)

denotes the instantaneous systematic velocity which is progressively damped out from its
initial value, due to the frictional force. Using the Novikov formula (12) for the averages
over the white noise in (30), where we now have (Wiitx) the step function)

S[o(u—u()] 1

1 , P , 3
S St 1y L e rt=g — ¢y _
SF (1) P [y (e 1 oy € o(t t)av} S(u — u(?)) (32)

we finally obtain the new FPLE

ap(x,v,1) ap 9 3%p 8%p 9%p
2 = () +y— L —r)—% 33
5 uo(t)ax +yav(vp)+nav2 r(t) P +2q(t)axav (33)
where
g0 = 5 L—e?" (34a)
Y
() = —L(L—e")2 (34b)
14

The next step of our discussion is to find the explicit initial value solution of the Kramers
equation (29) and to show that this solution is also the initial value solution of our new
FPLE (33). To this end, we define the double Fourier transfgig, v, ¢), of the joint
distribution p(x, v, t):

pE, v, 1) = / dx/ dv e Y p(x, v, 1) (35)
and by Fourier transforming (29) we get

apE, v, 1) ap ~

PT = - )’V)affj - 77V2P- (36)

By expressing the solution of (36) in the forpté, v, 1) = po(&, v)G (€, v, t), wherepg (€, v)
is the stationary solution given by

Po(€, v) = 9—(U/Vs)éze—(n/2y3)9(9+4é) 0=yv—¢& (37)
one finds thatj obeys the homogeneous first-order equation

0q 9q

A —_g)-1 38

2 rv—=86 (38)
whose solution is

g, v,0)=¢l(yv—8e]

where ¢(z) is an arbitrary function ofz. From the initial conditionp(x,v,0) =
8(x — x0)8(v — vp), i.e. p(&,v,0) = exp(—iéxg — ivyg) one then obtaing (yv — &) =
[Po(€, V)]~ exp(—i&xg —ivvg). This finally leads to an expression fpt, v, r) which may
be reduced to the form

‘5(5’ v, f) — e—iugv—iwgé—qu-&-rév—xéz (39)
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whereug, ¢ andr are given by (31) and (24b), and
nt n _ _

wo(t) = xo + %(1 e, (41)

Here wqo(¢) is the instantaneous systematic displacement which saturates at the value
xo + vo/y after time intervals long compared to the frictional relaxation tmé. Finally,
the exact initial value solution of (29) given by the inverse transform of (39) is

1

pix,v,t) = —F——

21\/4qs —r?

1
X eXp{—W[CI(X — wo)? + r(x — wo)(v — ug) +s(v — Mo)z]} . (42)
Now, it is not difficult to verify that (42) is also the exact initial value solution of the new
FPLE (33). This verification is simplified by noting the following interrelations between
the functionsg, r ands
dg

q =2 (43a)
dr

— = —yr—2 430
4 yr—2q (43p)
ds

> 4
o r (43)
dr 5

E:—Zyl"+4ns ['=4gs —r-. (43d)

We have thus shown that the Kramers equation (29) and the new FPLE (33), obtained as
a direct consequence of the Langevin equations (1) in the fori, (7describe the same
physics via their exact initial value solution (42). In particular, it follows that (33) fully
incorporates the Markovian character of the Brownian motion process for jarga the
explicit solution (42).

As in the case of the inertial process considered in section 2, we may obtain equations
for the marginal distribution of displacementg(x, r), by integrating (29) and (33) over
velocities. This yields, respectively, the continuity equation analogous to (21) and the closed
diffusion-like equation

Ip(x,1) dp 9p
T uo<t)87x V(t)ﬁ (44)
with a generalized diffusion coefficiend(r) = —r(¢), which defines the mean-squared

displacement
t

(x2(1)) — wi(r) = —2/ r(t')dt’
0

= 24; [; - i(3 —4e7" + e‘ZV’)] : (45)
Y 2y

The correctness of this result is readily confirmed by direct evaluation of the white-noise
average ofx2(r) obtained from (2&). Also, with the help of (42), the equivalence of
the continuity equation of the form (21) and of the diffusion-like equation (44) is readily
demonstrated. The exact solution of (44) obtained by integrating (42) over velocities is

_ 1 1 2
plx,t) = WeXp[—W(x — wo(?)) :| . (46)
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Again, the diffusion-like equation (44) may be derived directly from the definition (25)
of p(x,t) in terms of the solutionc(¢) of the first-order Langevin equation @7 The
uniqueness of (44) is thus related to the unique way of expressing the Langevin equation
(2) in the form of a closed first-order process for the particle’s displacements.

As for the inertial case, we remark that, while the initial value solutions of the
Kramers equation (29) and the FPLE (33) coincide, their mixed initial value—boundary
value solutions, when boundary conditions at a fimitre added to the initial values, are
generally expected to be different. Again, the generalized diffusion equation (44) allows
one to study first passage times (as well as survival probabilities), using the familiar first
passage condition [12] for first-order processes such &8.(27

4. Concluding remarks

Conventional treatments of stochastic processes [7,9,12] introduce a clear distinction
between Markovian and non-Markovian processes. This is important not only because of
the relative simplicity of the Markovian processes but also because these processes are of
fundamental importance in applications, for example, in physics and chemistry. Markovian
processes are characterized by the absence of memory; given the value obtained for a
random variable at a time its evolution at later times depends only on the value at the
time ¢, being independent of its value at times prior td~or a Gaussian stochastic process,
y(t), the Markovian or non-Markovian character may be directly inferred from the solution

of the Langevin equation, which determines the form of the correlation coeffipient’)

defined by

ot 1) = (y()y())
’ (Y2(0)) (y2(t"))*?
where the angular brackets indicate averages over the random noise. Indeed, a necessary

and sufficient condition for a Gaussian process to be Markovian isottaat’) verifies the
relation [14]

(47)

pt, ) =pi,t"p", 1) t>t'>t. (48)
Now, in the Brownian motion case it follows from (@) that, for largey (vt > 1),

1 1 !
v(t) ~ — (1) x(t) =~ xo+ —/ de’ (). (49)
ym ym Jo

From (47) and (48) and (2) it then follows that batfr) andx(z) are Markovian processes

for yt > 1. (Note that by using the explicit solution @7for the velocity one may verify

that the latter is actually Markovian for all time scales.) On the other hand, one readily
finds that the inertial process @0 namely

1 t t
x(t) = xo+ vot + — / dt// dt” f(t")
m Jo 0

is non-Markovian (i.e. (48) is violated) for white noise as well as for OU noise (the OU
noise itself is, however, Markovian, as is well known).

It follows from the above discussion that the FPLEs obtained directly from the Langevin
equations fully incorporate the information about the Markovian or the non-Markovian
nature of the considered processes. In the Brownian motion case a direct confirmation of
this is provided by the fact that one of the FPLEs is the free-particle Kramers equation (29)
obtained from the Fokker—Planck formalism for Markov processes. Furthermore, the other
FPLE (33) has the same initial value solution as the Kramers equation and, is, therefore,
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also compatible with the Markovian nature of Brownian motion. We recall that, in contrast
to the treatments of sections 3 and 4, the Fokker—Planck formalism is not primarily based
on Langevin equations (which are used only to find the actual values of the coefficients
in the FPE), but rather on the use of the Markovian property embodied in the Chapman—
Kolmogorov equation (or its master equation version). On the other hand, we recall that
while the discussion of the preceding paragraph emphasizes the distinction between the
inertial- and the Brownian-motion processes from the point of view of the Markovian
and/or the non-Markovian nature of the individual variabl¢s andv(z), this information

does not fully characterize the two-variable process, as is well known [7,14]. Thus for
Brownian motion, as well as for inertial motion with — 0, the processx|(z), v(¢)] is
always Markovian.

It is clear that the treatments of sections 2 and 3 leading to new FPLEs for the inertial-
and Brownian-motion processes may be generalized in the casendhamder stochastic
processu(r) defined by a linear Langevin equation afh-order. Such an equation may
be rewritten either in the form of coupled linear first-order equations fer stochastic
variablesu; = u(t), up = u(t), us = ii(t), ..., u, = d&"tu(t)/d"1, or as a collection
of n decoupled first-order processes expressed in terms of multiple time integrals of the
noise f(¢t). Alternatively thenth-order Langevin equation may also be cast into mixed
forms involving coupled first-order equations for subsets ofithariablesuy, u,, ..., u,,
together with Langevin equations for independent effective first-order processes for the
remaining variables. To each different expression ofritieorder Langevin equation in the
form of first-order differential equations there corresponds an FPLE of a particular form.
As in the cases of second-order processes of sections 2 and 3, these different FPLEs are
expected to have a common initial value solution for the joint distribution of:thendom
variablesuq, us, ..., u,.
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